Abstract. Let S be a normal projective surface. Here we show the existence of cuspidal curves (i.e. curves with only A 2k -singularities) contained in suitable very ample linear system on S. In particular we prove the existence of suitable complete intersection cuspidal curves C ⊂ P 3 .
Introduction
Here we prove the following results.
Theorem 1. Fix an integral projective surface S with isolated singularities and L
is ample and spaned, and
3 ) * ) = 0. Set
Fix an integer k > 0 such that x 1 ≥ k + 1 and x 2 − x 1 ≥ (3k + 2)/2. Then there exists an integral curve C ⊂ S such that L 3 ∼ = O S (C), C ∩Sing(S) = ∅ and C has a unique singular point which is an A 2k -singularity, i.e. a unibrach planar double point with arithmetic genus k. We may take as Sing(C) a general P ∈ S.
For more than one unibranch singular point we can prove the following result.
Theorem 2. Fix an integral projective surface S with isolated singularities and L
is ample and spaned, and 2. The proofs Definition 1. Let S be an integral surface and P ∈ S reg . Fix integers k > 0 and m ≥ 0 and a zero-dimensional scheme Z ⊂ S. We will say that Z is a scheme of type (k, m) with P as its support if the following conditions are satisfied:
(a) Z red = {P } and length(Z) = 2k + m;
Remark 1. Any two schemes of type (k, m) are formally isomorphic.
Remark 2.
Fix an integer k > 0. Let Z be the zero-dimensional scheme associated to an A 2k -singularity (resp. A 2k−1 -singularity) in [2] , §2. Z is a scheme of type (k + 1, k) (resp. (k, k)) by [2] , Example 3 (resp. Example 2) of §3.
Remark 3. Let S be an integral surface, P ∈ S reg , and C ⊂ S an effective
To prove Theorems 1, 2, 3 and 4 we will respectively prove the following results.
Proposition 1.
Take the set-up of Theorem 1 and any P ∈ S reg . There is a scheme Z of type (k + 1, k) supported by P such that h 1 (S, I Z ⊗ L 2 ) = 0.
Proposition 2. Take the set-up of Theorem 1 and any
3 and a general P ∈ S. Assume the existence of an integer a such that
Proposition 4. Fix integers d ≥ 3, c ≥ 2 and an integral degree c surface
Hence dim(V ) = x 2 −x 1 . By [1] and the generality of P , no non-zero section of V vanishes at P or order at least x 2 − x 1 . Take the set-up of Remark 3 with z := x 2 − x 1 and apply twice Horace Lemma with respect to D. Apply Remark 3 with respect to the points P 1 , . . . , P a with respect to the integer z = 3 and with respect to the points P a+1 , . . . , P a+b with respect to the points P a+1 , P a+b (if any). The residual scheme is the union of the union E of the effective degree 2 divisors of D supported by the points P 1 , . . . , P a and the double points 2P a+1 , 2P a+b of S supported by P a+1 , P a+b . Let A be a general union of s sets of type (k + 1, k). 3 ) * ) = 0, we may apply Castelnuovo-Mumford's lemma. We get that P is the unique base point of the linear system |I Z ⊗ L 3 |. Since we are in characteristic zero, C is smooth outside P . Since P is general in S and L 3 ⊗ L * 2 is ample and spanned, the morphism induced by the complete linear system |L 3 ⊗ L * 2 | iś etale at P . Hence we may apply the proof of [2] , Lemmas 5.1 and 5.7, using curves D ∈ |L 3 ⊗ L
Proof of Proposition 2. Fix a general
integers t ≥ 0 the restriction map H0 (S, O S (t)) → H 0 (D, O D (t)) is surjective and h 0 (D, O D (t)) = t+2 2 − (t,Set B := A ∪ 2P a+1 ∪ 2P a+2 . It
